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We study minimal blocking sets in PG(2, q) having q+m points outside some
fixed line. If 0<m<(- q)2 then either the blocking set is large, or every line con-
tains 1 mod p points of the blocking set, where p is the characteristic of the field
GF(q).  1997 Academic Press
1. INTRODUCTION
A blocking set in a projective plane is a set B of points, such that every
line contains at least one point of B. If B contains a line, it is called trivial.
If no proper subset of B is a blocking set it is called minimal. Let B be a
non-trivial minimal blocking set, and let L be a line containing l<q+1
points of B. Then it follows immediately that |B|q+l, by considering the
lines through a point P of L not belonging to the blocking set. If we have
equality, then every line through P different from L contains precisely one
point of B. Blocking sets of this kind are called of Re dei type and were
studied in [7, 5]. If q= ph, p prime, and l<(q+1)2, then it follows from
Re dei’s results [13, Section 36] that each line intersects the blocking set in
1 (mod p) points. Moreover, from his results we get that for a non-trivial
blocking set B of Re dei-type either |B|q+(q+1)2, or q+1+(q&1)
( pe+1)|B|q+(q&1)( pe&1) for some e, 1e[n2]. His result
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was improved in [5]; namely it is shown that in the former case |B|
q+1+(q+1)2, and in the latter e=n2 or en3. Examples of Re dei
type blocking sets are known for e | n, see [13, Section 36; 3, 4].
In this note we consider the case that B contains slightly more than q+l
points, and we say that the blocking set is of almost Re dei type. The aim of this
note is to prove similar results to that of [13, Section 36.] for blocking sets of
almost Re dei type. More precisely, our main theorem is the following.
Theorem 1. Let B be a minimal, nontrivial blocking set, and L a line
intersecting B in |B|&q&m points. Suppose that m- q2. If m>2 and
not divisible by p, then |B|q+(q+1)2+m. If m=1, then |B|
3(q+1)2. If m=2 and p{2, then |B|3(q+1)2. Finally, if m is divisible
by p and |B|<3(q+1)2, then each line meets B in 1 mod p points (hence
|B|#1 (mod p)) and |B|q+- q2+(q&1+- q2)( p&1).
The case of planes of prime order is of particular interest, since in this
case Blokhuis [3] showed that any nontrivial blocking set contains at least
p+( p+3)2 points. The known examples of minimum cardinality blocking
sets are of Re dei type if p{7. For p=7 there is an exceptional blocking set
consisting of 12 points. For a description and characterization of this
blocking set the reader is referred to [9]. It is worthwhile to mention that
it is of almost Re dei type, there is a line intersecting it in four points.
We also consider blocking sets of size p+( p+3)2 in PG(2, p) and
show roughly speaking that they cannot be of almost Re dei type. The
precise statement is the following.
Theorem 2. Let q= p a prime, and B be a blocking set of cardinality
3( p+1)2 in PG(2, p). Suppose that a line L intersects B in at most
( p+3)2&3 points. Then
|B & L|
( p+3)
2
&
( p+45)
20
.
Both proofs are based on properties of the curve associated to an almost
Re dei type blocking set, and bounds on the number of points on a curve
like the Theorem of Weil [1; 10, Chap. X.] are used.
2. PROOF OF THEOREM 1
Let A be the affine plane PG(2, q)"L. We use cartesian coordinates in
A. Points of L can be identified with directions, more precisely, we denote
the infinite point on the line with equation Y=sX+t by (s), and the
infinite point of the vertical lines by ().
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Let U=B"L be the affine part of B, and let D=B & L be the set of
infinite points of B. So |D|=l, and D is the set of ‘‘directions’’ for which
there is a line of that direction missing U. For simplicity, we suppose that
() # D.
Let U=[(ai , bi) : i=1, ...q+m], and write the usual (see, e.g., [5])
Re dei polynomial
H(X, Y )= ‘
q+m
i=1
(X+aiY&bi)= :
q+m
j=0
hj (Y ) X q+m& j,
where hj (Y ) is a polynomial of degree at most j in Y and h0(Y)=1. If we
consider H(X, Y ) as a polynomial in X, for some fixed value y for Y we
shall use the notation Hy(X )=H(X, y).
Now observe that ( y)  D if and only if Ay=[&ai y+bi : i=1, ...q+m]
is a set of elements in which each element of GF(q) occurs at least once.
On the other hand, this means that Hy(X ) is a multiple of Xq&X when
( y)  D and vice versa. We can also see what Hy(X )(Xq&X ) is. If ( y)  D,
then this is just >:*(X&:), where >* means that only the elements having
multiplicity at least two are considered and all multiplicities are decreased
by one.
From now on we assume m<q&1. Division of Hy(X ) by Xq&X gives
Hy(X )
(Xq&X )
=Xm+h1( y) Xm&1+ } } } +hm( y),
for ( y)  D and the coefficient hj ( y) of Xq+m& j in Hy(X ) vanishes for all
y with ( y)  D and m< j<q&1. Define the polynomial F(X, Y) by
F(X, Y )=Xm+h1(Y ) X m&1+ } } } +hm(Y ),
then its degree is equal to m and Hy(X)(Xq&X )=F(X, y) for ( y)  D.
Consider the factorization of F in GF(q)[X, Y] in irreducible factors
F=F f11 } } } F
fk
k .
Consider the curve C defined by F(X, Y)=0. Let Cj be the curve defined
by the equation Fj (X, Y)=0. This curve is defined over GF(q) and we will
show that it has a lot of points over GF(q).
Suppose that the projection ? to the Y-axis is separable for at least one
of the components. Denote this component by Cj and suppose it has degree
i, so im. Let K=GF(q)(Y ) be the field of rational functions in the
variable Y with coefficients in GF(q), and let L be the field extension of K
given by Fj (X, Y ), that is to say L=K[X](Fj (X, Y )). The geometric state-
ment that the projection of the curve to the Y axis is translated in the
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algebraic property that the field extension L over K is separable, that is to
say that all the roots of the polynomial Fj in the variable X have multi-
plicity one, and this again is equivalent with saying that the derivative of
Fj (X, Y ) with respect to X is not identically zero as an element in the ring
K[X] or GF(q)[X, Y], see for instance van der Waerden [17, Section 44]
or Lang [11, VII, Section 4]. Furthermore this projection is inseparable if
and only if there exists a polynomial Aj (X, Y ) such that Fj (X, Y )=
Aj (X p, Y ), where p is the characteristic of GF(q).
For a separable map between two curves one has the theorem of
HurwitzZeuthen which relates the genera of the two curves; see, for
instance, Stichtenoth [14, III.4]. If
. : X2  X1
is a separable map of degree i>0 between two nonsingular, absolutely
irreducible algebraic curves X1 and X2 of genus g1 and g2 , respectively.
Then
2g2&2=i(2g1&2)+R,
where R is the degree of the ramification divisor. In our case X1 is the
Y-axis, that is to say a projective line, and has genus 0 and X2=Cj has
genus g. For every point P=(x, y) of the affine part of the curve which is
a ramification point of the projection ? we can use U=X&x as a local
parameter of this point on the curve, and V=Y& y as a local parameter
of Fj (X, Y )=0,
V= :

n=eP
anU n,
with coefficients in the algebraic closure of GF(q) and aeP {0. The number
eP is called the ramification index of P and is the number of branches of the
curve above ?(P) which come together at P. More precisely, if P1 , ...Pk are
the points on the curve which project to y, then
:
k
j=1
ePj=i.
Differentiating V with respect to U yields
dV
dU
= :

n=dP
bnU n,
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where bn=(n+1) an+1 and 0{dPeP&1. The number dP is called the
different exponent of the map at P. Now R= dP . In this reasoning we
assumed that the projective curve with the affine equation is nonsingular.
We are going to show that the curve Cj has a lot of points over GF(q).
Let ( y)  D. The line Ly with equation Y= y intersects C in exactly m
points over GF(q) (with multiplicity); therefore all the components, in par-
ticular Cj intersects Ly in i points over GF(q) (with multiplicity). Thus,
N(q+1&|D| ) i&: (eP&1).
From the HurwitzZeuthen formula we derive
2g&2=&2i+: dP&2i+: (eP&1).
Therefore,
N(q+1&|D| ) i&(2g&2)&2i,
and here we count the points at most once. The genus of an absolutely
irreducible plane curve of degree i is at most (i&1)(i&2)2, and equality
holds in case the curve is nonsingular, so (2g&2)+2ii(i&1).
The following argument to obtain the same bound on the number of
points over GF(q) of the curve is more elementary and does not use the
assumption that the curve Cj is nonsingular. If there is a point P # Cj so that
the intersection multiplicity of Cj and Ly is eP>1 at P, then P is a point
of the curve C$j defined by FjX=0, (note that FjX0) and C$j inter-
sects Ly with multiplicity dPeP&1 at P. This also implies that the inter-
section multiplicity of Cj and C$j is at least eP&1 at P. Be zout’s theorem
says that there are at most i(i&1) such points. Therefore we can estimate
the number N of points of Cj over GF(q). It is at least
N(q+1&|D| ) i&i(i&1).
On the other hand, the theorem of HasseWeil [10, Chap. X. or 14, V.2]
for a nonsingular plane curve of degree i gives that
Nq+1+(i&1)(i&2) - q.
The same bound still holds for an absolutely irreducible plane curve of
degree i ; see [1]. In case the curve is irreducible but not absolutely
irreducible, then all points of the curve over GF(q) are singular. A plane
curve of degree i has at most ( i2) singular points, and equality holds in case
145NOTE
File: 582A 273606 . By:CV . Date:24:03:97 . Time:11:44 LOP8M. V8.0. Page 01:01
Codes: 2675 Signs: 1909 . Length: 45 pic 0 pts, 190 mm
the curve is a union of conjugated lines which do not have triple intersec-
tions. Thus the upper bound for N holds a fortiori for an irreducible plane
curve which is not absolutely irreducible.
Combining the two inequalities for N we get
|D|
i&1
i
[q+1&i&(i&2) - q].
For i=2 this gives |D|(q&1)2; hence we get |B|3(q+1)2, and the
estimate gets stronger for bigger i ’s. For i=- q2 we get that
|D|
q
2
+
- q
2
&
1
2
&
2
- q

q+1
2
.
In other words, this means that for 2<i- q2 the blocking set has more
than q+m+(q+1)2 points.
It remains to study the case i=1. So F(X, Y) has a factor of the form
X+aY&b. Geometrically this means that for every y  D the line through
P=(a, b) having slope y contains more than one point of U. This point P
cannot be a point of U, since we could delete it then. On the other hand,
if P  U, then we immediately see at least two points of U on every line
through P whose slope is not in D. Therefore,
2(q+1&|D| )q+m, whence |D|
q+2&m
2
.
So our blocking set has at least (3q+2+m)2 points in this case.
Let us see what can be said in the inseparable case, and suppose that
|B|<3(q+1)2. By the above argument |B|<3(q+1)2 implies that the
curve C cannot have components of order 1 or 2. Therefore all the com-
ponents of F must be polynomials in X p, that is we can write F(X, Y)=
A(X pe, Y) for some positive integer e and polynomial A(X, Y). Let
G(X, Y)=q+mj=m+1 hj (Y) X
q+m& j. Then
H(X, Y)=XqF(X, Y)+G(X, Y).
We claim that the degree of G in X is less than (q+1)2. To see this we
already noticed that the coefficient hj (Y) of Xq+m& j in H(X, Y) is of degree
at most j in Y, and hj ( y) vanishes for all y with ( y)  D and m< j<q&1.
So in particular hj (Y) is zero as a polynomial in Y for m< j<q+1&l.
Thus the degree of G in X is at most m+l<(q+1)2, since we assumed
|B|<3(q+1)2.
Consider now everything for a fixed ( y) # D, and denote the greatest
common divisor of F(X, y) and G(X, y) for this particular y, by d(X, y).
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Therefore, from Blokhuis [4, proof of Theorem 5] it follows that H(X, y)
d(X, y) is a p th power of a polynomial. Since also F(X, y) is a p th power,
d(X, y) must be a p th power. Geometrically, this means that all lines with
slope y intersect B in 1 mod p points, and this is true for all ( y) # D, y{.
Of course, we can change the coordinate system and, hence, the conclusion
is also valid for y=. Counting the lines passing through a fixed affine
point one sees |B|#1 (mod p). Since |U|=q+m is divisible by p, also the
long line D has 1 mod p points. Counting lines through a point of U gives
that |D|( p&1)q+m&1, from which |B|q+- q2+(q&1+- q2)
( p&1) follows immediately. This completes the proof of Theorem 1. K
Remark 1. If |B|=3(q+1)2, and m- q2, then m=1, 2. In the first
case if q is prime, Ga cs, Sziklai, Szo nyi [9] proved that q7; in the
second case recently Ga cs [8] proved that there are no new examples.
Remark 2. In the particular case q= p2, the bound on m can be refined
to m<- q, and it follows immediately that almost Re dei type blocking sets
do not exist, since our curve has only inseparable components. For blocking
sets in PG(2, q), q= p2 much more can be proved using other methods; see
[2, 6].
Remark 3. In the inseparable case we can find a positive integer e and
a polynomial A(X, Y) # GF(q)[X, Y] such that G(X, Y)=A(X pe, Y) and
K[X](A(X, Y)) is a separable extension of K. We still have that A(X, y)
is a product of linear factors in GF(q)[X] for all y  D and we can apply
the above reasoning to the projection of the curve defined by the equation
A(X, Y)=0 with genus g$ to the Y-axis, since this projection is separable.
Let i= jpe. Then
N(q+1&|D| ) j&(2g$&2)&2j.
Weil’s theorem [1; 10, Chap. X.] gives Nq+1+2g$ - q. The degree of
A(X, Y) as a polynomial in X is j, so the point (1:0:0) at infinity of the
plane curve with the equation A(X, Y)=0 has multiplity i& j. Thus the
genus g$ of this curve satisfies
g$
(i&1)(1&2)
2
&
(i& j)(i& j&1)
2
.
So 2g$( j&1)(2i& j&2) and 2g$&2+2j( j&1)(2i& j). Therefore,
|D|
j&1
j
[q+1&2i+ j&(2i& j&2) - q].
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If j>1 then the right-hand side of this inequality is at least
[q+1&q2+3 - q]2, which is bigger than the upper bound in Theorem
1 if p5. This implies that j must be 1, which means that our component
has the form
X pe+H(Y).
For p=3 the same conclusion remains true if we suppose that |B| is small
enough.
Remark 4. Similarly to [13, Satz 24], also for minimal almost Re dei
type blocking sets we can prove that their size must lie in certain intervals
if it is smaller than 3(q+1)2. For this remark suppose that p>2. By
Blokhuis [4, Proof of Theorem 5] for every point P # U there is an expo-
nent e=eP with the property that most of the points of B lies on a line
through P meeting B in at least pe points. By that theorem, the number of
such lines through P is at least qpe+1, and |B|q+1+(q+ pe)( pe+1)
if en2 and |B|q+1+ pe if e>n2. On the other hand, since also the
other lines joining P with a point of D contain at least p+1 points of B,
we have |B|1+q+ pe+(|D|&1&qpe) p. First suppose en2. Taking
into account that |B|q+- q2+|D|, it yields
|D|qpe+1+
qpe+1+- q2& pe&1
p&1
,
and, hence,
q+1+
q+ pe
pe+1
|B|q+- q2+qpe+1+
qpe+1+- q2& pe&1
p&1
.
For e>n2 we have
1+q+qpe1+q+ pe+(|D|&1&qpe) p
and it gives |D|1+qpe. On the other hand, from |B|1+q+ pe it
follows that |D|1+ pe&- q2, which is a contradiction.
3. MINIMUM BLOCKING SETS IN PLANES OF PRIME ORDER
In PG(2, p), p prime Blokhuis [3] showed that a nontrivial blocking set
must contain at least 3( p+1)2 points. As mentioned in the Introduction,
there are blocking sets having precisely this number of points and the
known examples are of Re dei type with just one exception for p=7. Re dei
type blocking sets of size 3( p+1)2 were characterized by Lova sz and
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Schrijver [12] and the sporadic example for p=7 by Ga cs, Sziklai, and
Szo nyi [9].
In the case q= p the HasseWeil estimate is not strong enough if the
degree of the curve is not very small. Instead we can use the following
bound, due to Sto hr and Voloch (see [16, Lemma 2.]),
N2n(n&3)+2n( p+5)5,
where N is the number of GF( p)-rational points and np2 is the degree
of the curve.
The next theorem more or less shows that a minimum size blocking set
in PG(2, p) cannot be of almost Re dei type.
Theorem 2. Let q= p be a prime, and let B be a blocking set of car-
dinality 3( p+1)2 in PG(2, p). Suppose that a line L intersects B in at most
( p+3)2&3 points. Then
|B & L|
( p+3)
2
&
( p+45)
20
.
Proof. Let Cj be an irreducible component of degree s3. The number
of GF( p)-rational points of Cj is at least (by the estimate above)
(q+1&N) s&s(s&1)\p&12 +s+ s&s(s&1)2s(s&3)+2s( p+5)5,
and this yields the bound s( p+45)20. Therefore each component of C
has degree at most two. If there is a linear component, then |B|
2( p+1&N)>3( p+1)2, if s2, and it is impossible. Similarly, if there is
an irreducible component of degree 2, then it has at least (( p&1)
2+s) 2&2>3( p+1)2 points, which is again impossible if s3. K
Remark 5. We can indeed suppose that that a line L intersects B in at
most ( p+3)2&3 points, since the two missing cases were dealt with in
[8, 9].
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